In this paper, we introduce two types of new Banach spaces: k-super-strongly convex spaces and ksuper-strongly smooth spaces. It is proved that these two notions are dual. We also prove that the class of k-super-strongly convexifiable spaces is strictly between locally k-uniformly rotund spaces and k-strongly convex spaces, and obtain some necessary and sufficient conditions of k-super-strongly convex space (respectively k-super-strongly smooth space). Also, for each k 2, it is shown that there exists a k-super-strongly convex (respectively k-super-strongly smooth) space which is not (k − 1)-super-strongly convex (respectively (k − 1)-super-strongly smooth) space.  2004 Elsevier Inc. All rights reserved.
Introduction
Throughout this paper, X will denote a real Banach space and X * will denote its conjugate space. Set S(X) = {x: x ∈ X, x = 1}, U(X) = {x: x ∈ X, x 1}, S x = {x * : x * ∈ S(X * ), x * (x) = 1}, where x ∈ S(X). A x * = {x: x ∈ S(X), x * (x) = 1}, where x * ∈ S(X * ). Also co({x} ∪ B) means the convex hull of x and B, where B ⊂ X.
In what follows, we will need notations for some properties of a Banach space: X is said to satisfy the property (C-II) [1] if x ∈ S(X), {x n } in U(X) with the property that for each δ >0, there exists an integer N(δ) such that co({x} ∪ {x n : n N(δ)}) ∩ (1 − δ)U (X) = ∅, then {x n } is relatively compact; (S-II) [2] if x ∈ S(X), x * ∈ S x , {x * n } in U(X * ) with the property that for each δ >0, there exists an integer N(δ) such that co({x * } ∪ {x * n : n N(δ)}) ∩ (1 − δ)U (X * ) = ∅, then {x * n } is relatively compact.
It is proved that properties (C-II) and (S-II) are dual [2] .
(CWM) [3] If x ∈ S(X), {x n } in U(X) with the property that for each δ >0, there exists an integer N(δ) such that co({x} ∪ {x n : n N(δ)}) ∩ (1 − δ)U (X) = ∅, then there exist some x * ∈ S x 0 and a subsequence {x n j } of {x n } such that x * (x n j ) → x * (x 0 ) = 1.
We note that property (CWM) is a generalization of the following notion introduced by B.B. Panda and O.P. Kapoor [4] : X is said to have the property (WM) if x ∈ S(X), {x n } in U(X), x * ∈ S(X * ), x * (x) = 1, x n + x → 2, then there exists a subsequence {x n j } of {x n } such that x * (x n j ) → 1.
Obviously, property (C-II) implies property (CWM).
(SWM) [2] If x ∈ S(X), x * ∈ S x , {x * n } in U(X * ) with the property that for each δ > 0, there exists an integer N(δ) such that co({x * } ∪ {x * n : n N(δ)}) ∩ (1 − δ) × U(X * ) = ∅, then there exists a subsequence {x * n j } of {x * n } and some x * * 0 ∈ S x * 0 such that
Obviously, property (S-II) implies property (SWM).
I. Singer defined the k-strictly convex spaces in [5] and the dual notion (k-smooth spaces) was introduced by Nan Chaoxun and Wang Jianhua [6] .
A Banach space X is called k-strictly convex if and only if for any
In [6] , the following important results were obtained:
(I) X is k-strictly convex if and only if for any x * ∈ S(X * ), dimA x * k; (II) X is k-smooth if and only if for any x ∈ S(X), dimS x k.
Obviously, 1-strictly convex (respectively 1-smooth) spaces coincide with strictly convex (respectively smooth) spaces and k-strictly convex (respectively k-smooth) spaces include (k + 1)-strictly convex (respectively (k + 1)-smooth) spaces.
In [7] , Suyalatu and Wu Congxin defined k-strongly convex spaces on the base of k-strictly convex spaces, which is the dual notion to k-strongly smooth spaces introduced by Nan Chaoxun and Wang Jianhua [6] .
A k-strictly convex Banach space X is called k-strongly convex if and only if for any x ∈ S(X), if {x n } in S(X) and for some x * ∈ S x , x * (x n ) → 1, then {x n } is relatively compact.
A k-smooth Banach space X is called k-strongly smooth if and only if for any x ∈ S(X),
In other words, a k-smooth Banach space X is called k-strongly smooth if and only if X has the property (S).
Obviously, 1-strongly convex (respectively 1-strongly smooth) spaces coincide with strongly convex (respectively strongly smooth) spaces.
In [8] , Suyalatu defined locally k-uniformly smooth spaces on the base of k-uniformly smooth spaces introduced by Suyalatu and Wu Congxin [9] , which is the dual notion to locally k-uniformly rotund spaces introduced by F. Sullivan [10] .
A Banach space X is said to be locally k-uniformly smooth (LkUS) if for any > 0,
A Banach space X is said to be locally k-uniformly rotund (LkUR) if for any > 0,
By Goldstine-Weston Theorem, it is easy to derive B(
Obviously, L1UR (respectively L1US) spaces coincide with LUR [4] (respectively LUS [11] ) spaces.
Lemma 1 [11] . If a Banach space X is LUR, then X is strongly convex. Lemma 2 [6] . If X * is a k-strongly smooth space, then X is reflexive. Lemma 3 [1] . Let X be a Banach space with the property (C-II), then X has the KadecKlee property.
Ky Fan and I. Glicksberg defined kR spaces in [12] , Nan Chaoxun and Wang Jianhua defined the LkR spaces in [13] . Obviously, kR spaces include LkR spaces for k 2. In [14] , the relationships between LkR spaces and strongly convex spaces are discussed and following results are obtained.
Lemma 4 [14] . LkR spaces include strongly convex spaces. Particularly, LkR spaces include k-strongly convex spaces.
Lemma 5 [15] . Banach space X has the property (S) if and only if X is LNUS [16] .
According to Lemma 5 [2, Theorem 5], we have following lemma. Lemma 6 [2] . Let X be a reflexive Banach space. Then the following are equivalent:
(I) X has property (S-II); (II) X has properties (SWM) and (S).
Lemma 7 [13] . Let {x n } be a bounded sequence in X and ε be a positive real number. If {x n } has no finite ε-net, then for any positive integers n 0 , k and any x ∈ X, there exist
Two new kinds of Banach spaces and examples
Now we introduce k-super-strongly convex and k-super-strongly smooth spaces on the base of k-strictly convex and k-smooth spaces.
Definition 1. A k-strictly convex Banach space X is called k-super-strongly convex if and only if X has property (C-II).

Definition 2. A k-smooth Banach space X is called k-super-strongly smooth if and only if X has property (S-II).
Notice that properties (C-II) and (S-II) are dual, and that k-strict convexity and k-smoothness are dual. We have following theorem.
Theorem 1 (Duality theorem)
.
Corollary 1. A reflexive Banach space X is k-super-strongly smooth if and only if
Notice that by Lemma 2, we have following corollary.
Corollary 2. X * is k-super-strongly smooth if and only if X is reflexive and k-superstrongly convex.
Obviously, k-super-strongly convex (respectively k-super-strongly smooth) spaces include (k + 1)-super-strongly convex (respectively (k + 1)-super-strongly smooth) spaces. But the converse inclusions are not necessarily true. Example 1. For each k 2, there exists a infinite-dimensional k-super-strongly convex (respectively k-super-strongly smooth) space, which is not (k − 1)-super-strongly convex (respectively (k − 1)-super-strongly smooth).
Let k 2 be an integer, and let
is not (k − 1)-super-strongly smooth.
The relations between LkUR, k-super-strongly convex, and k-strongly convex spaces
We are ready to distinguish LkUR and k-super-strongly convex spaces.
Theorem 2. If X is a LkUR space, then X is k-super-strongly convex.
Proof. We divide the proof into two parts. Firstly, we will prove that LkUR spaces include k-strictly convex spaces.
If X is not k-strictly convex, then there exists
By Hahn-Banach Theorem, we choose x * i ∈ S(X * ), i = 1, 2, . . ., k, such that
This contradicts to that X is a LkUR space, so X is k-strictly convex. Secondly, we will prove that if x ∈ S(X), {x n } in U(X) with the property that for each δ > 0, there exists an integer N(δ) such that co({x} ∪ {x n : n N(δ)})
If {x n } is not relatively compact in X, then {x n } has no finite 0 -net for some 0 > 0. By Lemma 7, for above n 0 = N(δ) and any x ∈ X, there exist n 1 , . . . , n k > n 0 , such that
Therefore, there exist n (m)
→ ∞ and such that for any 
to that X is a LkUR space. Thus {x n } is relatively compact. This completes the proof that X is a k-super-strongly convex space. 2
The converse to Theorem 2 is not true.
Example 2.
There exists a k-super-strongly convex space X which is not LkUR for any k 1.
Let E = (l 2 , · ), where
In [12] , it is proved that X is 2R. In [13] , it is proved that X is not LkUR. By Lemma 4, we know that X is a k-strongly convex space. Now we prove that the space X has property (C-II). Let x ∈ S(X), {x n } in U(X) with the property that for each δ > 0, there exists an integer N(δ) such that co({x} ∪ {x n : n N(δ)})
Notice that X is a 2R space, we know that lim n x − x n = 0, hence {x n } is relatively compact. This shows that X has property (C-II). So we proved that X is a k-super-strongly convex space.
We are ready to distinguish k-super-strongly convex and k-strongly convex spaces.
Theorem 3. If X is a k-super-strongly convex space, then X is k-strongly convex.
Proof. Suppose x ∈ S(X), x n ∈ S(X) and for some x * ∈ S x , x * (x n ) → 1; then for any δ > 0 there exists an integer N(δ) such that x * (x n ) > 1 − δ whenever n > N(δ). For any
By the assumption that X is a k-super-strongly convex space, we know that {x n } is relatively compact.
On the other hand, k-super-strongly convex spaces include k-strictly convex spaces, hence X is a k-strongly convex space.
The converse to Theorem 3 is not true.
Example 3.
There exists a k-strongly convex space X which is not k-super-strongly convex.
Let X be a Hilbert space, and {e i } ∞ i=1 be an orthonormal basis. For any x ∈ X, x = λ 0 e 1 + · · · + λ n e n + · · ·, let
It is obvious that · 1 is an equivalent norm on X. Furthermore, we set
Clearly, this is again a norm on X which is equivalent to original one. From [18] (see [18, p. 134]), we know that (X, · ) is strictly convex, reflexive and does not have the KadecKlee property. By a result of [19, p. 185] , the reflexive space (X, · ) can be given an equivalent norm ||| · ||| which is LUR. By Lemma 1, we know that (X, ||| · |||) is a strongly convex space and fails to have the Kadec-Klee property because (X, · ) does not have the Kadec-Klee property. By Lemma 3, we know that (X, ||| · |||) does not have property (C-II), which means that (X, ||| · |||) is not k-super-strongly convex.
Theorem 4.
If X is k-strongly convex and has property (CWM), then X is k-super-strongly convex.
Proof. By the assumption that X has property (CWM), we know that if x ∈ S(X), {x n } in U(X) with the property that for each δ > 0, there exists an integer N(δ) such that co({x} ∪ {x n : n N(δ)}) ∩ (1 − δ)U (X) = ∅, then there exist some x * ∈ S x 0 and a subsequence {x n j } of {x n } such that x * (x n j ) → x * (x 0 ) = 1.
By the assumption that X is k-strongly convex, we know that X is k-strictly convex and {x n } is relatively compact. This shows that X is k-strictly convex and has property (C-II). So we proved that X is k-super-strongly convex space. 2 Theorem 5. Let X be a Banach space and k 1 be an integer. Then the following statements are equivalent:
property (CWM) and is k-strongly convex; (III) X has property (CWM) and for any
Proof. Notice that property (C-II) implies property (CWM), the equivalence between (I) and (II) follows immediately from Theorems 3 and 4.
(II) ⇒ (III). If the conclusion of (III) is not true, then there exists some 0 > 0,
It follows that x
. ., k. By the assumption that X is k-strongly convex, we know that X is k-strictly convex. Hence x 0 , x 1 , . . . , x k are linearly dependent. Without loss of generality, we may assume
Firstly, we will prove that X is k-strictly convex. If X is not k-strictly convex, then there exists
Very similarly to proof of Theorem 2, we can deduce that
Secondly, we will prove that for any x ∈ S(X), if x n ∈ S(X) and for some x * ∈ S x , x * (x n ) → 1, then {x n } is relatively compact.
If {x n } is not relatively compact in X, then {x n } has no finite 0 -net, for some 0 > 0. Using the similar method used in proof of Theorem 2, we can deduce that there exist n (m)
this contradicts to (III), so {x n } is relatively compact. 2
Theorem 6. If X is a LkUS space, then X is super k-strongly smooth.
Proof. We divide the proof into two parts. Firstly, we will prove that LkUS spaces include k-smooth spaces. If X is not k-smooth, then there exists x ∈ S(X) such that dimS x 0 > k, so there are at least (k + 1) linearly independent elements
This contradicts to that X is a LkUS space, so X is k-smooth.
Secondly, we will prove that if x ∈ S(X), x * ∈ S x , {x * n } in U(X * ) with the property that each δ > 0, there exists an integer N(δ) such that co({x * } ∪ {x * n : n N(δ)})
If {x * (III) X has property (SWM), and for any > 0, x ∈ S(X), there is δ = δ(x, ε) > 0 such that for any
Proof. Notice that property (S-II) implies property (SWM), the equivalence between (I) and (II) follows immediately from Theorems 7 and 8.
(II) ⇒ (III). If the conclusion of (III) is not true, then there exist some 0 > 0, Secondly, we will prove that if {x * n } in S(X * ), x ∈ S(X), x * n (x) → 1, then {x * n } is relatively compact.
If {x * n } is not relatively compact in X * , then {x * n } has no finite 0 -net for some 0 > 0. Using the similar method as in the proof of Theorem 2, we can deduce that there exist n 
